The equivalence theorem is an extremely useful tool to calculate heavy Higgs and top-quark effects for processes that have center-of-mass-energies (much) larger than the W boson mass. After an explanation of the renormalization procedures involved, the results for one-and two-loop radiative corrections to the fermionic Higgs decay, H → ff , are given and discussed. Finally, the renormalization scheme dependence is examined, and the reliability of the perturbative series is investigated.
Introduction
At LEP I and LEP II, heavy Higgs mass effects are suppressed according to Veltman's screening theorem.
1 However, machines like the LHC and possibly NLC will investigate processes, in which the presence of a Higgs with sufficiently large mass M H could cause large nonperturbative effects. The reason is the proportionality of the Higgs quartic coupling λ to M 2 H , which in perturbative treatments leads to radiative corrections that contain powers of M H rather than a logarithmic mass dependence.
It is of interest to study the apparent breakdown of perturbation theory, and to put upper limits on the mass of a weakly interacting Higgs boson. Beyond such an upper mass limit, the perturbative cross sections for, e.g., LHC processes like W + W − scattering become rapidly unreliable. The present article describes the systematics of calculating heavy-Higgs-mass effects by using the Goldstone boson equivalence theorem. 2, 3 The usual Lagrangian of the symmetry-breaking sector is used to calculate the heavy-Higgs-mass corrections in the limit of M H ≫ M W . Yukawa couplings are kept without violating the Goldstone theorem. 4 We obtain a Lagrangian which implements both heavy-Higgs-mass effects and large top-quark-mass corrections. Using a one-loop calculation we show that this Lagrangian reproduces the full Standard-Model electroweak corrections to the decay H → tt in extremely good approximation. Finally, we discuss the leading two-loop correction to H → ff , and we conclude with remarks on effects due to the use of different renormalization schemes.
The Goldstone Boson Equivalence Theorem (EQT)
The equivalence theorem (EQT) is usually discussed in the context of scattering processes involving the weak gauge bosons W + , W − , Z. We will outline the EQT along these lines, with the end of this section being devoted to the application of the EQT to the process H → ff.
In the case of scattering processes with gauge bosons, the scattering amplitude of the longitudinally polarized gauge bosons W 
where ǫ µ is the polarization vector, and k 0 is the energy component of the fourmomentum k.
The Goldstone boson equivalence theorem 2,3,6−10 states that in the limit of a large center-of-mass energy, √ s ≫ M W , the scattering amplitudes for n longitudinally polarized vector bosons W ± L ,Z L and any number of other external particles (including Higgs particles) are related to the corresponding scattering amplitudes for the scalar Goldstone bosons
The constant C depends on the renormalization scheme used in the calculation 8, 10 ,
where the Z's are the wavefunction renormalization constants for the physical fields W ± and the scalar fields w ± . C is equal to unity for electroweak couplings g → 0 in schemes in which the renormalization constants are defined at mass scales m ≪ M H . We choose to renormalize the w ± , z fields at p 2 = m 2 = 0, a choice which corresponds to massless Goldstone bosons. Then 8, 10 ,
In the limit of a heavy Higgs boson, M H ≫ M W , the coupling g is much smaller than the Higgs coupling λ:
, and the gauge couplings can be neglected. In this approximation, the constant C is equal to unity. Since we started with the assumption √ s ≫ M W , we obtain the result
where the amplitude on the right-hand-side only depends on the quartic Higgs coupling λ and the Yukawa couplings g f , and only involves scalar and fermion fields. a (We neglect the QCD sector of the Standard Model throughout this paper.) This makes the use of the equivalence theorem an excellent and easy-to-use approximation.
The equivalence theorem can also be applied in processes that have no external electroweak gauge bosons but receive leading radiative corrections through loops involving W + , W − , Z, or H. Again, the EQT amplitudes will be a good approximation as long as √ s ≫ M W and M H ≫ M W . E.g., in the case of the decay of the Higgs particle, the center-of-mass energy is identical to M H . Therefore, in the limit of M H ≫ M W , the EQT is expected to be an excellent approximation.
Quantitatively we find that a Higgs mass of 400 GeV is sufficiently heavy. This result is based on a comparison of the one-loop result for the Standard-Model decay H → tt based on our equivalence-theorem calculation including Yukawa couplings and the corresponding full electroweak one-loop calculation. For M H > 400 GeV the two results agree to better than 96% for m t = 174 GeV.
The Lagrangian consistent with the EQT
All the physics connected with the Higgs particle is determined by the Lagrangian of the Standard Model, the starting point of our EQT calculations. We begin by defining the full Lagrangian for the symmetry-breaking sector of the Standard Model. It is given by
where a positive value of µ 2 shifts the minimum of the potential to a non-zero vacuum expectation value of the field Φ. The covariant derivative is defined as
The complex field Φ is written in terms of four real scalar fields,
The gauge couplings g and g ′ allow for the interaction of the Higgs sector with the electroweak gauge sector of the Standard Model. The use of the Goldstone boson equivalence theorem corresponds to calculating the physical observables of interest in the limit of g, g ′ → 0. This reduces the above Lagrangian to a SO(4)-symmetric Lagrangian involving only the scalar fields h and w = (w 1 , w 2 , w 3 ). a Note that in the limit of zero gauge couplings the internal electroweak gauge bosons are also replaced by massless scalar Goldstone bosons.
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The field h is taken as usual as the component of Φ which acquires a vacuum expectation value, v. This spontaneously breaks the SO(4) ≃ SU(2)×SU(2) symmetry of the doublet Φ. By virtue of the Goldstone theorem 4 , the spontaneous breaking of the SO(4) symmetry leads to three massless Goldstone bosons. We write h as h = v + H where Ω|H|Ω = 0 with respect to the physical vacuum |Ω . This allows for a perturbative calculation by expanding the Higgs field H and the Goldstone boson fields w 1 , w 2 , w 3 around zero field strength. We obtain the new Lagrangian
As usual, the tree level relationship µ 2 = λv 2 guarantees vanishing tadpole contributions and massless Goldstone bosons.
In addition to the above Lagrangian, the doublet Φ also interacts with the leftand right-handed fermion fields, ψ L,R f , of the Standard Model, with the strength of the interactions defined by the Yukawa couplings of the theory. This gives the second contribution to our EQT Lagrangian. Choosing the top-bottom-quark generation as example, the Lagrangian L F governing the interactions between the doublet Φ and the fermion fields is
Here g t , g b are the top-and bottom-quark Yukawa couplings, and τ 2 is the complex Pauli matrix such that iτ 2 Φ ⋆ is the charge conjugate of Φ. The complete EQT Lagrangian is now defined as
For a zero vacuum expectation value v of the doublet Φ, the presence of the fermion fields leads to a SU(2) × U(1) symmetry of the complete Lagrangian L EQT , (g b = g t ), or respects the chiral SU(2) × SU(2) symmetry (g b = g t ). The appearance of a non-zero vacuum expectation value spontaneously breaks the symmetry, leading to the presence of three massless Goldstone bosons (Goldstone's theorem) even for non-zero Yukawa couplings.
b Each fermion receives a mass that is proportional to the product of its Yukawa coupling and the vacuum expectation value,
Depending on the value of the Yukawa couplings, the interaction of the three Goldstone bosons with fermions may either be SO(3)-symmetric (g t = g b ), or b It is only the inclusion of the gauge sector that gives masses to the W and Z bosons.
it might be broken (g t = g b ). The latter case features a residual symmetry of the charge-conjugate fields w
The Lagrangian L F for any other quark doublet (q, q ′ ) of the Standard Model can be obtained by making the substitution (t, b) ↔ (q, q ′ ) in the above expression for L F . For a lepton doublet (ν, l), one also can make the substitution (t, b) ↔ (ν, l); however, one has to keep in mind that the Standard Model doesn't provide for right-handed neutrino fields: ψ R ν = 0 for all lepton flavors.
Renormalization of the Lagrangian
The Lagrangian L EQT = L H + L F provides all the information necessary to calculate Green's functions and S-matrix elements. To include quantum corrections, we start by renormalizing L H , introducing all possible counterterms that respect the unbroken SO(4) symmetry of the Lagrangian, see Eq. (6) . This leads to the introduction of the SO(4)-symmetric wavefunction renormalization Z φ , and the counterterms δλ and δµ 2 . These quantities are sufficient to guarantee a finite theory even in the broken phase, Eq. (8) . In addition, we allow for finite field renormalization constants, Z H , Z z , and Z w , to properly normalize the physical fields of the broken phase (OMS renormalization). The renormalization can be summarized as
The renormalized Lagrangian in terms of the physical fields is
The coefficient of the term linear in the field H is fixed as to cancel tadpole contributions to the Higgs one-point function order by order in perturbation theory. This fixes v to be the vacuum expectation value to all orders, i.e. Ω|H|Ω = 0 to all orders. At tree level, we require λv 2 = µ 2 . It should be noted that both w ± and z fields have the same mass coefficient and mass counterterm, and the counterterm structure is identical to the coefficient of the linear Higgs term. In the presence of Yukawa interactions the self-energies of the Goldstone bosons yield Π z (p 2 ) = Π w ± (p 2 ) for arbitrary values of p 2 . It seems impossible to cancel tadpole contributions and simultaneously keep all Goldstone fields massless. However, an explicit calculation 11 shows that Π z (0) = Π w ± (0) = T /v, where T is the tadpole term. Hence, the OMS renormalization can be used without violating the validity of the Goldstone theorem, i.e. , Ω|H|Ω = 0 while the Goldstone bosons remain massless at higher orders in perturbation theory.
Next we fix the mass term of the Higgs field. At tree level, using λv 2 = µ 2 , we find the Higgs mass to be M 2 H = 2λv
2 . Conversely, this equation defines the Higgs coupling λ in terms of the physical mass M H and the physical vacuum expectation value v. At higher orders, the counterterm δλ is fixed as to preserve this identity, with the renormalization point at the physical mass value,
Finally, we need to fix the field renormalization constants. In the OMS renormalization, the propagators of the fields are renormalized as to have unit residue at the location of the pole. In the absence of fermion interactions, only one finite field renormalization, Z H , is needed to keep the kinetic terms and free propagators in standard form. 12 In this case, the renormalization constant Z φ is defined such that the propagators of the fields w ± and z have unit residue at the location of the pole, and Z H corrects the Higgs propagator. Including fermion interactions, we need to introduce a second finite renormalization constant. In Eq. (13), we have intentionally introduced the finite Goldstone boson renormalization constants, Z z and Z w , in a symmetric way. However, one of these two quantities is redundant, namely Z w = 1. This is connected to the fact, that the vacuum expectation value, renormalized according to Eq. (12) , is related to the muon decay constant. The decay of the muon, however, is mediated by the W boson rather than the Z boson. Hence, both the vacuum expectation value and the fields w ± are renormalized with the same renormalization constant, whereas the field z obtains an extra finite renormalization in the presence of Yukawa interactions.
In summary, the counterterms and renormalization constants contained in the renormalized Lagrangian L H of Eq. (14) have been fixed as to satisfy the following conditions: (1) Ω|H|Ω = 0 to all orders, simultaneously fixing the pole of the Goldstone boson propagators to be at p 2 = 0; (2) the real part of the pole of the Higgs propagator is located at its physical mass value M H , fixing the quartic Higgs coupling as λ = M 2 H /(2v 2 ) to all orders in perturbation theory; (3) the real parts of the residues of all propagators are equal to one at the pole location.
The expressions for the wavefunction renormalization constants in terms of the self-energies are:
To illustrate the breaking of the SO(3) symmetry of the Goldstone bosons due to the presence of Yukawa interactions, we give the explicit expression for the finite field renormalization Z z at one loop:
where all Yukawa couplings except g t have been neglected. (Note: for the hypothetical case g t = g b ( = 0) the result is Z z = 1 -the SO(3) symmetry of the Goldstone bosons would persist.) Because we want to calculate higher order quantum corrections including Yukawa interactions, we also need to renormalize the Lagrangian L F . As in the case of the Lagrangian L H , we use multiplicative field renormalization constants and counterterms for the couplings. Regarding the Yukawa couplings rather than the fermion masses as the fundamental parameters of the theory, we need to renormalize the fields ψ L f and ψ R f as well as the coupling g f . We introduce the replacements
In analogy to the OMS renormalization conditions for the Lagrangian L H of the Higgs sector, the quantities Z R,L f and δg f are fixed by requiring that the fermion propagator has the real part of its pole equal to the physical mass value, and that the residue of the propagator at the pole is equal to one. 13 This concludes the complete OMS renormalization of L EQT .
Applications
The classical use of the equivalence theorem has been the investigation of vector boson scattering. 2 The scattering of longitudinally polarized gauge bosons, W L and Z L , has been studied by a number of authors at tree level 6 and higher orders.
14 A different application of the equivalence theorem is the calculation of the leading corrections to the ρ parameter. 11, 15, 16 This quantity is -from the point of view of the EQT -a low-energy quantity and defined in the gauge sector of the Standard Model. However, neglecting the gauge couplings, the ρ parameter can be written as
with the one-loop result given in Eq. (18) . Another example of a "low-energy" application is the two-loop heavy-top-quark contribution to the Z → bb coupling which has been calculated using massless Goldstone bosons 15 and arbitrary values of M H . The validity of the equivalence theorem was explicitly verified using Ward-Takahashi identities. 15 The results have been confirmed in an independent calculation.
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A different application of the EQT is the decay H → tt which we will discuss here in detail. This decay process features no external gauge bosons. Yet the EQT is an excellent tool to calculate the radiative corrections in the couplings g t and λ.
One-loop electroweak radiative corrections to H → tt
Because of the high mass of the top-quark, we keep the top-quark Yukawa coupling, g t , but set all other Yukawa couplings to zero. In this approximation, the Lagrangian L EQT is used to calculate the one-loop corrections to Γ (H → tt ).
The starting point of our analysis is the term of L EQT which describes the Higgsfermion interaction. At tree level we have
The Born result for the decay width is given by
Here N 
Writing Z i = 1 + δZ i we obtain the Feynman rule for the Hff coupling at higher order:
For the one-loop calculation, we neglect the terms of O(δ 2 ). The radiatively corrected fermionic decay rate of the Higgs boson can now be calculated using the new Feynman rule for the Yukawa coupling and taking into account the one-particle irreducible Feynman diagrams using L EQT . At one loop, there are six triangular diagrams, [internal lines (HHt), (ttH), (zzt), (ttz), (wwb), and (bbw)], which contribute. The corrected fermionic Higgs decay width is defined by
The explicit result for ∆Γ is given in Ref. (17) . At one loop, ∆Γ consists of terms
). In Fig. 1 , we show the size of these corrections as a function of M H , and compare them with the full one-loop electroweak correction including electroweak gauge-couplings g 1 , g 2 as well as all Yukawa couplings. 18 The full correction was evaluated in the on-shell renormalization scheme using m t = 174 GeV. We see that the O (λ) term underestimates the full one-loop electroweak correction term by 32% (24%) at M H = 500 GeV (1 TeV). However, the complete EQT result including the top-quark Yukawa coupling reproduces the full one-loop electroweak result very well. The result obtained using the equivalence theorem with g t = 0 is only 3.9% (1.8%) larger than the full electroweak one-loop term at M H = 500 GeV (1 TeV) for m t = 174 GeV. The use of the equivalence theorem therefore gives a quite accurate approximation to the full theory, even for the rather low values of M H with which we are concerned. The small residual differences away from the decay threshold can be accounted for by the transverse gauge couplings, the nonzero masses of the W and Z bosons, and the finite masses and Yukawa couplings for the remaining fermions. The extra structure of the full electroweak correction close to the threshold, M H = 2m t , is the result of virtual-photon exchange in QED. This generates a Coulomb singularity and a correction that behaves near threshold as 1 + α em Q
Two-loop radiative corrections to
We now describe the calculation of the two-loop correction, O (λ 2 ). For M H > m t (which always should be satisfied in the EQT limit M H ≫ M W ), it is the dominant correction to the decay of the Higgs into any fermion pair ff . All subleading twoloop electroweak corrections, those of O(g 2 f λ) and O(g 4 f ), are neglected. It should be noted, that the dominant correction is flavor-independent, whereas the subleading corrections depend on the fermionic decay channel considered.
Since the dominant correction is independent of g f , we need to identify the renormalization pieces that are independent of the Yukawa couplings. Looking at Eq. (24) we find that Z H and Z w are the only quantities that obtain pure Higgs coupling corrections, i.e. , terms of order O (λ n ). All other quantities, including the Feynman diagrams for the vertex corrections, receive contributions proportional to g 2 f or higher powers. Therefore, we obtain the general result for the leading corrections to all orders in λ to be
The wave-function renormalization constants Z H and Z w were calculated to two loops, O (λ 2 ), in Ref. (12) using dimensional regularization and OMS renormalization. Calculating ∆Γ, the divergent pieces cancel, and the O (λ 2 ) electroweak corrections to the fermionic decay rates emerge naturally as
The coefficients in the expansion above have been given analytically 19 and have been confirmed. 20 The numerical values are:
The one-loop coefficients a H and a w are similar in magnitude, but the two-loop coefficients b H and b w differ in magnitude by roughly a factor of 7, despite the fact that almost the same number of diagrams, with similar structures and magnitudes, contribute. It is also interesting that the coefficients in Z −1
H alternate in sign; those in Z −1 w do not. The above expression for ∆Γ automatically resums one-particle-reducible Higgsboson self-energy diagrams. However, it is clear that the resummation contains only limited information on higher-order terms. Since we actually have no control of terms beyond O λ 2 , and are not aware of a physical principle which would select this as an optimum resummation scheme, we expand Eq. (28) and discard terms beyond 
The result agrees at O λ with the known one-loop result.
1,21
We are now in a position to explore the phenomenological implications of our results. In Fig. 2 , we show the leading electroweak corrections to Γ H → ff in the one-and two-loop approximations with and without resummation of one-particlereducible higher-order terms plotted as functions of M H . We will concentrate first on the expanded results given in Eq. (30). While the O (λ) term (upper solid line in Fig. 2) gives a modest increase of the rates, e.g., by 11% at M H = 1 TeV, the situation changes when the two-loop term is included. The importance of this term, which grows as M the opposite sign, for M H = 1575 GeV. The total two-loop correction, shown by the lower solid line in Fig. 2 , is then negative and has the same magnitude as the one-loop correction alone. The perturbation series for the corrections to Γ H → ff clearly ceases to converge usefully, if at all, for M H ≈ 1100 GeV, or equivalently, for λ ≈ 10. A Higgs boson with a mass larger than about 1100 GeV effectively becomes a strongly interacting particle. Conversely, M H must not exceed approximately 1100 GeV if the standard electroweak perturbation theory is to be predictive for the decays H → ff. Note that one cannot use the usual unitarization schemes invoked in studies of W ± L , Z L , H scattering 6, 22 to restore the predictiveness for the heavy-Higgs width, as no unitarity violation is involved.
One might expect to improve the perturbative result in the upper range of M H somewhat by resumming the one-particle-reducible contributions to the Higgs-boson wave-function renormalization by using Eq. (28) rather than Eq. (30). This leads to an increase of the one-loop correction (upper dotted line in Fig. 2 ), while the negative effect of the two-loop correction is lessened (lower dotted line) for large values of M H . However, in the mass range below M H = 1400 GeV, this effect is too small to change our conclusions concerning the breakdown of perturbation theory. Moreover, the resummed expression for the one-loop terms in the perturbation expansion, when reexpanded to O (G 6. Scheme-dependence of the O (λ 2 ) radiative corrections: OMS versus MS scheme So far we have carried out the renormalization of L EQT using OMS. We found the dominant correction to H → ff to be (Eq. (31))
where 16π
. It is interesting to check whether the convergence of the perturbative series can be improved when using MS renormalization. Since the tree-level result of the fermionic Higgs decay, Eq. (23), is independent of the coupling λ, we only need the one-loop relation between λ OMS and λ MS to convert the two-loop OMS result into MS. It is
where M H is the physical Higgs mass, and µ is the mass scale introduced in dimensional regularization. We see that the OMS and the MS couplings are equal for It is interesting to note that for fixed M H a value µ < 0.697M H improves the convergence of the perturbative MS series twofold: on one hand the value ofλ MS decreases as µ becomes smaller (see Eq. (34)), on the other hand the two-loop coefficient of the MS correction also decreases in magnitude for decreasing µ, vanishing for µ = 0.366M H (see Eq. (35)) . For values µ > 0.697M H the opposite is true: the convergence of the series, as indicated by terms up to two loops, gets worse in a twofold way as µ increases. It seems as if the naive choice of µ = M H is not necessarily well motivated.
Varying the scale µ in the range M H /2 < µ < 2M H we already find indications for significant three-loop contributions (needed to reduce the µ dependence) for M H > 650 GeV. Explicitly, for µ = M H (2M H ) we find that the two-loop correction ∆Γ MS is in magnitude equal to the OMS result, with the opposite sign, for values of M H = 870 (650) GeV. However, the size of the two-loop correction is still small (about 3-4%) for such values of M H .
Summary
We have reviewed the equivalence theorem and the approximations involved. The Lagrangian corresponding to the EQT approximations √ s, M H ≫ M W was formulated and renormalized using OMS conditions. This Lagrangian is the basis for calculating top-quark and heavy-Higgs corrections to many physical observables. We have explicitly discussed the calculation of corrections to the decay H → ff. At one loop we find that the EQT calculation approximates the full electroweak correction very well. Calculating the dominant two-loop corrections we observe the breakdown of perturbation theory for values of M H in the TeV-range. However, already for values of M H > 650 GeV we find a significant renormalization scheme dependence of the MS result, indicating the unreliability of the perturbative result despite the smallness of the two-loop correction.
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